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Sufficient conditions are established for the oscillation of solutions of neutral 
partial functional differential equations of the form 
S 
= a ( t )  A u ( x ,  t )  + a k ( t )  A u ( x ,  t - p k ( t ) )  - q(x, t ) u ( x ,  t )  
k =  1 
j =  1 
where 
is the Laplacian in the Euclidean N-space R N .  
is a bounded domain in R N  with a piecewise smooth boundary dO and A 
o 1999 Academic Press 
1. INTRODUCTION 
Recently, the oscillation problem for the partial functional differential 
equation has been studied by many authors. We refer the reader to [l-31 
for parabolic equations and to [4-71 for hyperbolic equations. 
In this paper, we study the oscillation of solutions of neutral partial 
functional differential equations of the form 
11 1 - p ( t ) , ,  u ( x , t )  + c hi( t )U(X, t  - Ti) dt ’ [  d (  i = l  
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where R is a bounded domain in RN with a piecewise smooth boundary 
dR, and Au(x ,  t )  = Ey= l(d2u(x, t ) / (dx; ) .  
Suppose that the following conditions hold: 
(Al) p E C'([O,m);[O,a)),lim,,,/,"ids = a, to > 0; 
0 P ( " )  
(A21 hi E C2([0, a>; [0, m)), 0 I Ef,= ,h,(t> I 1, and 7, are nonnega- 
(A3) q, qj E C(G; (0, a>>, q(t)  = min,,aq(x, t ) ,  and qj( t )  = 
tive constants, i E Il = {1,2,. . . , I}; 
min,, aqj(x,  t ) ,  j E I, = {1,2,. . . , m}; 
= 00, 5 are nonnegative constants, j E I,,,, k E I, = {1,2,. . . , s}; 
for u # 0, aj are positive constants, j E I,,,. 
(A41 a, ak E c([o, .>; [o, P k  E c([o, [o, .>>, lim, + - p,(t>> 
(A5) f i  E C(R;  R )  are convex in [O,..), ufj(u) > 0 and f i (u ) /u  2 a; 
We consider two kinds of boundary conditions, 
au( x, t )  
+g(x,t)u(x,t) = 0, (xJ) E dR x [ O F ) ,  (2)  
dv 
where v is the unit exterior normal vector to dR and g(x,t> is a 
nonnegative continuous function on JR X [0, a), and 
u(x,t) = 0, (x,t) E an x [ O F ) .  (3) 
DEFINITION 1.1. The solution u(x, t )  of the problem (11, (2) (or (11, (3)) 
is said to be oscillatory in the domain G = R X [ O , a )  if for any positive 
number p there exists a point (xo, to )  E R X [ p, a) such that u(xo, t o )  = 
0 holds. 
In the following two sections, sufficient conditions are obtained for the 
oscillation of the solutions of the problem (11, (2) and (l), (3) in the 
domain G by using a generalized Riccati transformation. We note that 
conditions for the oscillation of the solutions for p ( t )  = 1, &(t) = 0, 
&(u) = u have been obtained in the works of Cui et al. [5]. 
OSCILLATION OF PARTIAL FDE 125 
2. OSCILLATION OF THE PROBLEM (11, (2) 
THEOREM 2.1. 
following conditions: 
Set D = {(t ,  s) I t 2 s 2 to}. Let H E C(D; R )  satisfy the 
(i) H(t ,  t )  = 0 for t 2 to; H( t ,  s) > 0 fort  > s 2 to;  
(ii) H has a continuous and nonpositive partial derivative on D with 
(iii) h: D + R is a continuousfunction with 
- - H ( t , s )  = h ( t , s ) d m  forall ( t , s )  E D .  
respect to the second variable. 
d 
dS 
If there exists a function 4 E C1 [to,  w) and there exists some j ,  E I ,  such that 
(4) 
where W s )  = exp{ - 2/%#4 5 )  d t }  and 
+(s> = @(s)>(aj,  q j J s ) [ l  - ~ E = l ~ i ( s  - qO)] + P ( S  - q o > 4 z ( s >  
- [ P C S  - q , > 4 ( s > ] r > .  
then every solution u(x,  t )  of the problem (11, (2) is oscillatoiy in G. 
Suppose to the contrary that there is a nonoscillatory solution 
u(x, t )  of the problem ( l ) ,  (2) which has no zero in R X [to,  a) for some 
to > 0. Without loss of generality we may assume that u(x,  t )  > 0,  u(x,  t - 
T ~ )  > 0, u(x,  t - pk(t)) > 0,  and u(x,  t - a;.) > 0 in R X [ t l , a ) ,  t ,  2 to ,  
i E I,, k E Is, j E I,. 
Prooj 
Integrating (1) with respect to x over the domain R,  we have 
m 
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From Green’s formula and boundary condition (21, it follows that 
and 
where dS is the surface element on dR. Moreover, from (A3), (A5), and 
Jensen’s inequality, it follows that 
and 
Set 
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In view of (6)-(10), (5) yields 
m 
Let Z(t) = V( t )  + Ei=,hi(t)V(t - T~). We have Z(t) > 0 and 
[ p ( t ) Z ’ ( t ) ] ’  < 0 for t 2 t,. Hence p(t)Z’(t) is a decreasing function in the 
interval [t,,..). We can claim that p(t)Z’(t) > 0 for t 2 t,. In fact, if 
p ( t ) Z ’ ( t )  I 0 for t 2 t , ,  then there exists a T > t ,  such that p ( T ) Z ’ ( T )  < 
0. This implies that 
and 
Therefore lim,,,Z(t) = -a, which contradicts the fact that Z(t) > 0. 
From (10, for the j ,  in (4) we obtain 
or 
s o ,  t 2 t,. 
Since Z( t )  2 V(t), Z(t) is increasing, it follows that 
r 1 1 
[p ( t )Z’ ( t ) ] ’  + ajoqjJt)  1 - c hi(t - qo)Jz(t - qo) 5 0, I i =  1 t 2 t , .  
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Define 
then 
Using the fact that p(t>Z’(t> is decreasing, we get 
p ( t ) z ’ ( t >  s p ( t  - qo)z’(t - q,) for t 2 t,. 
Thus 
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Hence, for all t 2 t ,  2 t , ,  we have 
@ ( s ) ~ ( s  - o;.o)h2(t ,s)  ds. 
Then, for all t 2 t ,  2 t ,  
i' 1 - iI s) + - d@( s ) p (  s - qo) h( t ,  s) ds. P(S - qo)@(4 2 
This implies that for every t 2 t ,  
130 
Therefore, 
LI AND CUI 
for every t 2 t,. It follows that 
1 1 1 4 H ( t , s ) + ( S )  - - @ ( s ) P ( s  - q 0 ) h 2 ( t , s )  ds lim sup 
which contradicts (4). This completes the proof of Theorem 2.1. 
tions, then every solution u(x,  t )  of the problem (l), (2) is oscillatory in G. 
COROLLARY 2.1. If the inequality (11) has no eventually positive solu- 
If there exists some j ,  E I,,, such that COROLLARY 2.2. 
where 
1 
r ( t> = St ds . 
t o  P ( S  - qo) 
Then every solution u(x,  t )  of the problem (11, (2) is oscillatory in G. 
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ProoJ By (17), there exist two numbers t ,  L to and k > such that 
Set 
1 
H ( t , s )  = [ r ( t )  - Y(s)]' and +( t )  = - 




Then, for all t L t ,  
= / I t  [ r ( t )  - r ( s ) ] ' r ( s ) d  
1 
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This implies 
By condition (Al), this is equivalent to (4). It follows from Theorem 2.1 
that every solution of the problem (11, (2) is oscillatory. 
THEOREM 2.2. Let H(t ,  s) and h(t, s> be as in Theorem 2.1, and let 
Suppose that there exists some j ,  E I, and there exist two function 4 E 
C'[t,, m), A E C[t,, w) satisbing 
and for every t ,  2 to 
where @(s) = exp{ -Z/%$( 6)  d o ,  A + ( s )  = max{A(s), O } ,  and I+!&) = 
@(s){ajo qj,(s>[l -1:- ,hi(s -ajJ +p(s -a;. > 4 2 ( s )  - [ p ( s  -qo)4(s)1'I. Then 
every solution u(x ,  t )  of the problem (11, (2) is oscillatory in G. 
Suppose to the contrary that there is a nonoscillatory solution 
u(x,  t )  of the problem (l), (2) which has no zero in R X [to,  m) for some 
to > 0. Without loss of generality we may assume that u(x,  t> > 0,  u(x,  t - 
TJ > 0,  u(x , t  - p,(t)) > 0,  and u(x, t  - a;.) > 0 in R X [ t , , ~ ) ,  t 2 to ,  
i E 11, k E Is, j E I,. 
Prooj 
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As in the proof of Theorem 2.1, (16) holds for all t 2 t ,  2 t,. Hence, for 
t 2 t ,  2 t,, we have 
i' 1 + J@( s ) p (  s - qo) h( t ,  s) ds. (22) 
Consequently, 
1 1 1 4 H ( t , s ) $ ( s )  - - @ ( s ) p ( s  - q o ) h 2 ( t , s )  ds lim sup 
for all t ,  2 t,. Hence, by (211, 
W(t,)  2 A ( t z )  + liminf 
t + m  H ( t , t , )  
I' 1 +,,/@(s)p(s - q , ) h ( t , s )  ds <a 
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for all t ,  2 t,. Thus 
i’ 1 + , ~ @ ( S ) P ( S  - .;.,)h(t,s) ds < w  (23) 
Define 
and 
for all t 2 Tl. Then (23) implies that 
lim inf [ E( t )  + F (  t ) ]  < 00. 
t - t m  
Now. we claim that 
Suppose to the contrary that 
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By (181, there is a positive constant M ,  satisfying 
Let M2 be any arbitrary positive number. Then from (26) we obtain that 
there exists a t ,  > t ,  such that 
Therefore, 
for all t 2 t,. By (27), there exists a t ,  2 t ,  such that 
This implies 
E ( t )  2 M 2  for all t 2 t,. 
Since M2 is arbitrary, we have 
l imE(t)  = 00. 
t + m  
Now we consider a sequence {t,};=, in ( t , , a )  with limn,& = a 
satisfying 
lim [ E( t,) + F(  t,)] = liminf [ E(  t )  + F (  t ) ]  ,
n + m  t + m  
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It follows from (24) that there exists a number M such that 
E(t , )  + F(t,) 5 M for n = 1 , 2 , 3  ,... . (29) 
From (281, we have 
lim E(t , )  = m.  (30) 
n + m  
This and (29) gives 
lim F(t,)  = -m. (31) 
n + m  
Then, by (29) and (30) we get 
1 
< - 1 + - < -  for every sufficiently large n.  M 
' ( t n )  - ' ( ' , I  - 2 
Hence, 
1 
< - - for all sufficiently large n.  
' ( t n )  2 
This and (31) imply that 
- m. 
F2( tn )  
n 'm E(t , )  
lim ~ 
On the other hand, by the Schwarz inequality, we have 
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for any positive integer n. Consequently, 
But (27) guarantees that 
This shows that there exists a t ,  2 t ,  such that 
Thus, 
Therefore, 
It follows from (32) that 
This gives 
which contradicts (19). Thus (25) holds, and so, by W(t2)  >A(t,), we 
obtain 
which contradicts (20). This completes the proof of Theorem 2.2. 
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Now, let H(t ,  s) = ( t  - s)", t 2 s 2 to,  where n is an integer with 
n > 1. Then H is continuous on D = {( t ,  s) I t 2 s 2 to} and satisfies 
H ( t , t )  = 0 for t > t o ,  
H ( t ,  s) > 0 for t > s 2 to .  
Therefore, H has a continuous and nonpositive partial derivative on D 
with respect to the second variable. Clearly, the function 
h ( t , s )  = n ( t  - s )  , t 2 s  2 t o ,  n / 2 -  1 
is continuous and satisfies 
d 
dS 
- - H ( t , s )  = h ( t , s ) J H o ,  t 2 s 2 t 0 .  
It is easy to see that (19) holds because for every s 2 to 
H ( t ,  s) ( t  - s)" 
t + m  ( t  - t o )  
lim = lim " = 1. 
t - t m  H ( t , t , )  
Then, by Theorem 2.1 and Theorem 2.2, we can obtain the following two 
corollaries. 
Let n be an integer with n > 1 and suppose that there 
exists some j ,  E I,,, such that 
COROLLARY 2.3. 
Then every solution u(x,  t )  of the problem (l), (2) is oscillatory in G. 
Let n be an integer with n > 1 and suppose that there 
exist some j ,  E I, and two functions 4 E C'[t,, m), A E C[t,, a) satisfying 
(20) and 
COROLLARY 2.4. 
1 t  
t - t m  t" to 
limsup-/ ( t  - s ) " - ~ @ ( s ) P ( s  - q , ) d s  < a 
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and for every t ,  2 to 
139 
where @(s) = exp{-2/%$([)d[} and 
Then every solution u(x, t )  of the problem ( l ) ,  (2) is oscillatory in G. 
THEOREM 2.3. Let H( t ,  s) and h(t ,  s) be as in Theorem 2.1, and let (18) 
hold. Suppose that there exist some j ,  E I ,  and two functions + E C1[t,, m), 
A E C[t,, m) such that (20) and the following conditions hold, 
and for every t , 2 to ,  
( 3 5 )  
I 1 4 [: [ H(  t ,  s )  +( s )  - -@( s )p(  s - q o ) h 2 ( t ,  s) ds > A ( t , ) ,  lim inf t + m  H ( t , t , )  
where @(s) = exp{-2 /V4c)d(} ,  A+(s) = max{A(s),O} and 
Then every solution u(x ,  t )  of the problem ( l ) ,  ( 2 )  is oscillatory in G. 
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Prooj As in the proof of Theorem 2.2, we have (22); thus we obtain 
1 1 1 4 H ( t , s ) @ ( s )  - - @ ( s ) P ( s  - a;o )h2( t , s )  ds lim inf t + m  H ( t ,  t l )  l: [ 
for all t ,  2 t,. Hence, by (35) we have 
for all t ,  2 t,. This implies that 
lim sup [ E( t )  + F (  t ) ]  
t + m  
+h( t ,  s )JH( t , s )W(s)  ds 1 
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1 
2 
+ - d @ ( ~ ) p ( ~  - qo) h ( t ,  S) 
where E ( t )  and F( t )  are defined as in the proof of Theorem 2.2. By (351, 
we have 
1 1 1 A( t o )  I lim inf H(  t ,  s) +( s) - 7 @( s ) p (  s -q0)hZ( t ,  s) ds t + m  H ( t ,  t o )  4: [ 
1 t 
t - t m  H ( t , t o )  io I liminf H ( t , s ) + ( s )  ds 
1 1 t  
4 t + m  H ( t , t o )  lo - - lim inf @ ( s ) ~ ( s  - q o ) h 2 ( t , s )  ds. 
This and (34) imply that 
Then there exists a sequence {t,};= in ( to ,  m) with limn + ,t, = a satisfying 
1 
n + m  H( t , ,  to) [: lim @ ( s ) p ( s  - q, )h2( t , , s )  ds 
(37) 
1 t 
= liminf @ ( s ) p ( s  - q,)h"t ,  s) ds < a. 
t + m  H ( t , t o )  lo 
Now, suppose that (26) holds. Using the procedure of the proof of 
Theorem 2.2, we conclude that (30) is satisfied. It follows from (36) that 
there exists a constant M such that (28) is fulfilled. Then, as in the proof 
of Theorem 2.2, we see that (33) holds, which contradicts (37). This 
contradiction shows that (26) fails. The remainder of the proof is similar to 
that of Theorem 2.2 and we omit it. 
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3. OSCILLATION OF THE PROBLEM (11, (3) 
The following fact will be used. 
The smallest eigenvalue Po of the Dirichlet problem 
Am(.) + P o ( x )  = 0 in R ,  
o(x) = O  ondlR, 
is positive and the corresponding eigenfunction cp(x) is positive in R. 
If all conditions of Theorem 2.1 hold, then eueiy solution 
u(x, t )  of the problem (l), (3) oscillates in G. 
Suppose to the contrary that there is a nonoscillatory solution 
u(x, t )  of the problem (11, (2) which has no zero in R x [to,  m) for some 
to > 0. Without loss of generality we may assume that u(x, t )  > 0,  u(x, t - 
7;) > 0, u(x,  t - pk(t)) > 0,  and u(x,  t - a;.) > 0 in R X [tl,m), t ,  2 to ,  
i E 11, k E Is, j E I,. 
Multiplying both sides of (1) by cp(x) > 0 and integrating with respect to 




From Green's formula and boundary condition (31, it follows that 
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and 
= - P o L u ( x , t  - pk(t))cp(x) dx I 0 ,  t 2 t , ,  k E I,. (40) 
From (A3), (A5), and Jensen's inequality it follows that 
and 
t 2 t,. 
Set 
Combining (38)-(43) we obtain 
The remainder of the proof is similar to that of Theorem 2.1; we omit it. 
If the inequality (44) has no eventually positive solu- 
tions, then every solution u(x, t )  of the problem (11, (3) is oscillatory in G. 
COROLLARY 3.1. 
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The following theorems and corollaries can be proved analogously. 
COROLLARY 3.2. Let the conditions of Corollary 2.2 hold; then euery 
solution u(x,  t )  of the problem (11, (3) oscillates in G. 
THEOREM 3.2. Let the conditions of Theorem 2.2 hold; then every 
solution u(x,  t> of the problem (11, (3) oscillates in G. 
COROLLARY 3.3. Let the conditions of Corollary 2.3 hold; then every 
solution u(x,  t )  of the problem (11, (3) oscillates in G. 
COROLLARY 3.4. Let the conditions of Corollary 2.4 hold; then every 
solution u(x,  t )  of the problem (11, (3) oscillates in G. 
THEOREM 3.3. Let the conditions of Theorem 2.3 hold; then every 
solution u(x,  t> of the problem (11, (3) oscillates in G. 
4. EXAMPLES 
EXAMPLE 4.1. Consider the equation 
1 
u ( x ,  t - 27r) - -- [ I (+,t) + - 
=(-+  1 1 
dt t + 7r dt t + T  
Au( x, t )  - 




- y u ( x , t - ~ ) ,  
( X J )  E ( O , . r r )  x [ O F ) ,  (45) 
with the boundary condition 
u ( 0 , t )  = U ( T , t )  = 0 ,  t 2 0 .  (46) 
1 1 Here N = 1, 1 = 1, s = 2, rn = 1, p(t> = Al(t> = =, T~ = 27r, 
3 3 1 3Tr a,(t> = - + ~ p1(t> = 7’ 
t + T r  ( t + T ) Z  ( t + a ) 4 ’  ( t  + T r y  ( t  + T r y ’  
1 1 -  a(t)  = ~ + ~ -
a2(t)  = 3t + -, p2(t> = T ,  q(x, t> = 3 + 7, ql(x, t> = 7, f J u >  = u,  and 
u1 = 7r. It is easy to see that ql(t)  = 2 / t 3 ,  Al(t - a,) = hl(t - 7r) = l / t ,  
2 4 2 
t 3  
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n2 
( t  - s)"t+b(s) - q @ ( s ) p ( s  - ~ ) ( t  - s) 
1 
= limsup -1' ( ( t  - s)2( f - ;) - $ 2  x i} ds 
j + m  t 2  27r 
t 
= lim sup In- + constant = a, 
j + m  2%- 
which shows that all conditions of Corollary 3.3 are verified. Thus every 
solution of the problem (45), (46) oscillates in (0, T )  X [0, a). In fact, 
u(x, t )  = sin x cos t is such a solution. 
EXAMPLE 4.2. Consider the equation 
1 
u(x, t - 2 T )  - -- [ 
=( -+  1 1 
(.(..t) + - 
d t  t + T d t  t + T  
Au( x, t )  
t + T  ( t + T ) 2  ( t + T ) 4  
+ 
T 
u(x,t) - ,u(x,t - T ) ,  
t 
1 
(x,t) E ( 0 , T )  x [ O F ) ,  
with the boundary condition 
U,(O,t) = U , ( T , t )  = 0, t 2 0. 
146 LI AND CUI 
It is easy to check that the conditions of Corollary 2.3 are satisfied. 
Therefore, every solution of the problem (47), (48) is oscillatory in (0, n-) x 
[0, m). In fact, u(x, t )  = cos x sin t is such a solution. 
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